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If T is analytic in the complex plane then a difference equation may be 
defined by 
Z n+ 1 = T(z,h 
where the domain is the set of all nonnegative integers n. The first objective 
of this paper is to point out that there exists a very simple proof of the 
following theorem which appears as Theorem 4 in 141. 
THEOREM. Let T be analytic in the complex plane. Consider the 
difference equation z,+, = T(z,) with fixed point z*. Suppose that / T’(z)\ < 1 
for all complex z with z # z*, where T’ is the derivative. Then z* is a global 
attractor, that is, T”z converges to z* for any complex z. 
Proof: The continuity of Tr and the maximum principle guarantee that 
( T’(z)/ < 1 for all z in the complex plane. Unfortunately Liouville’s heorem 
can now be applied to show that the entire function T’ is a constant and that 
T is linear. The general solution of this linear difference equation gives an 
immediate proof of the theorem. 
It is apparent that the assumption of analyticity has closed more doors 
than it has opened here, and that if T is nonlinear then a fixed point z* with 
1 T’(z*)J < 1 can only be a local attractor. In fact there exists R, 0 < R < 00, 
such that ( T’(z)\ < 1 in the interior of the disk (z - z * 1 5 R and such that 
1 T’(w)\ = 1 for some w on the boundary. It is easy to prove that if z. lies in 
the interior of this disk then lim,,, z, = z*. 
To see this first note that there exists p < 1 such that if ]z - z* 1 < ]zO - z* ] 
then /T’(z)\ <p. Now if Iz, - z* ] < /zO - z* 1 then by the fundamental 
theorem of calculus 
Z “+1-Z 
* 
2,-z* 
= I h’ T’(z) dzl 
lZ,--z’l 
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where the integral is taken along the straight line segment L from z* to z, 
and we have used the inequality 
Since p < 1 it is immediate that lim, -m z, = z *. 
If T is a function of a real variable a similar proof can be given using the 
mean value theorem. In fact if ) T’(x)1 < 1 for all real x then the fixed point, 
x*, say, is a global attractor. We have used the fundamental theorem of 
calculus here because the mean value theorem need not hold everywhere in 
the open disk Iz -z* 1 < R. In this context it is enlightening to quote the 
following local theorem of Samuelsson [3]. 
THEOREM. Suppose g is analytic in a domain D. Then to every point 
a E D, there is a neighbourhood V = {z 1 (z - a 1 < r } of the point a, such that 
for any point b E V, there exists a point c with 
Ic-f(a+b)l<iIb-al 
such that 
g(b) -s(a) = (b - 4 g’(c). 
The mean value theorem also fails for a C’ map F: R” + Rn but this does 
not prevent the following generalisation. 
THEOREM. Let F: IR * --t IR * be a C’ map with fixed point x* and suppose 
IlF’(x)ll < 1 for all x in I?“. Then x* is a global attractor. 
Before proving this theorem we emphasize that F’(x) is a linear transfor- 
mation and that ljF’(x)/ = suplU, =1 IF’(x) UI where ) ) is Euclidean distance. 
We believe that the open question stated on page 188 of [4] needs to be 
reformulated in this way. We should also emphasise that here we have had to 
assume that )] F’(x*)jl < 1. 
ProoJ: For a fixed x,, there exists p < 1 such that I/F’(x)/ < p on the 
closed ball Ix-x*]<]x,--xx]. We now suppose lx,-x*]<]xO--x*(. 
Then by Apostol [ 1, p. 3551, for every a in R” there exists c in the line 
segment joining x, and x* such that 
@‘@,J - F(x*)) . a = (F’(c)(x, - x *)) . a, 
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where . is the scalar product. If we take e = F(x,) -I;@*), apply the 
Cauchy-Schwarz inequality and cancel IF(x,) - F(x*)] we have 
I%) - F(x*)l G IW>(% -x*11 
G ll~‘(c>ll Ix, - x* I 
<PIxn-x*I. 
Again it is immediate that limn-ta3 x, = x*. 
As mentioned in [4] a difference equation x,+ i =f(x,) defined on a 
compact interval has the property that if there is no cycle of order 2 then the 
fixed point x* is a global attractor. Considerable interest has been associated 
with examples such as that given by 
f(x) = ax( 1 - x), O<a<4, 
which defines a humped curve on [0, 11. When a = 3 the fixed point 
x* = 1 - l/a becomes unstable and an attracting cycle of order 2 is born. At 
this pointf’(x*) = -1. See [2] for details. 
With these ideas in mind it is enlightening to see what happens in the 
general complex case when z * is a fixed point and I T’(z*)I = 1. Cycles of 
order 2 correspond to fixed points of the analytic function S(z) = T(T(z)), 
that is, to zeros of 
F(z) = z - T(T(z)). 
Recall that z* is itself such a zero and hence a necessary condition for a 
cycle of order 2 to be born at z = z* (assume T depends on a parameter 
which could be varied) is that F’(z*) = 0 and F”(z*) = 0. Consequently we 
calculate 
F’(z) = 1 - T’(T(z)) T’(z), 
F’(z*) = 1 - T’(z*)Z, 
F”(Z) = -T”(T(Z)) T’(z)2 - T’(T(z)) z-“(Z), 
.‘I(,*) = -,“(,*) T’(z*)’ - T’(z*) T”(z*) 
= -,‘I(,*) T’(z*)(T’(z*) + 1). 
Hence, T’(z *) = - 1 or T’(z*) = 1 together with T”(z*) = 0. Pictorially the 
bifurcation takes place only at certain points on the unit circle 
IWI=IT’(Z*)(= 1 and in no sense can a fixed point be viewed as a 
phenomenon which if no longer a global attractor will be replaced by a 2- 
cycle. 
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